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Improper ferroelectricity (trimerization) in the hexagonal manganites RMnO3 leads to a network
of coupled structural and magnetic vortices that induce domain wall magnetoelectricity and mag-
netization (M) neither of which, however, occurs in the bulk. Here we combined first-principles
calculations, group-theoretic techniques, and microscopic spin models to show how the trimeriza-
tion not only induces a polarization (P) but also a bulk M and bulk magnetoelectric (ME) effect.
This results in the existence of a bulk linear ME vortex structure or a bulk ME coupling such that
if P reverses so does M. To measure the predicted ME vortex, we suggest RMnO3 under large
magnetic field. We suggest a family of materials, the hexagonal RFeO3 ferrites, also display the
predicted phenomena in their ground state.
Two themes at the forefront of materials physics are
the cross-coupling of distinct types of ferroic order1–4
and topological defects in systems with spontaneous bro-
ken symmetry5–8. Common to both are a plethora of
novel phenomenon to understand, and new properties
and functionalities to exploit for novel applications. Mul-
tiferroics9,10 are an ideal platform to realize both themes
in a single material. In this regard, an exciting develop-
ment is the discovery of a topologically protected vortex-
domain structure in one of the most extensively studied
class of multiferroics, the hexagonal (hexa) rare-earth
manganites. Here, antiphase structural (‘trimer’) do-
mains are clamped to ferroelectric domain walls (and vice
versa)11–14 forming a ‘clover-leaf’ pattern, Fig. 1a. These
trimer domains have a particular phase relationship that
result in the appearance of structural vortices, which in
turn induce magnetic vortices15,16, strongly coupled anti-
ferromagnetism and the polarization at the domain wall.
This domain wall magnetoelectric phenomenon produces
a magnetization localized at the wall15,16.
The key to realizing these unusual effects is the im-
proper nature of ferroelectricity. Here the polarization
(P) which is stable in the paraelectric (PE) P63/mmc
structure, is induced by a zone-tripling structural distor-
tion, QΦK3
16–18. The latter, referred to as the trimer dis-
tortion, is associated with a 2-up/1-down buckling of the
R-planes and tilting of the MnO5 bipyramids, Fig. 1b. It
is nonlinearly coupled to the polarization,
Ftrimer ∼ PzQ3K3cos(3Φ) (1)
the form of which implies that a nonzero trimer distortion
induces a nonzero P. There are three distinct Φ domains
(α, β, and γ) corresponding to one of the 3 permutations
of 2-up/1-down. Also there are two tilting directions,
either towards (+) or away from (−) the 2˜c axis, i.e.,
1-up/2-down or 2-up/1-down, respectively. This results
in six P63cm structural domains. A consequence of the
improper origin of ferroelectricity is that the sign of P de-
pends on the direction of QΦK3 . This simple fact leads to
the nontrivial domain structure of the hexa manganites,
Fig 1a11–13,16.
Our focus here is on elucidating a remarkable inter-
play of this trimerization, magnetism, and polarization
in the hexa manganite structure. We show from first
principles that the trimer structural distortion not only
induces a P, but can also induce both a bulk magnetiza-
tion, M, and a bulk linear ME effect. We make this clear
by connecting an exact microscopic theory of spin-lattice
coupling to a simple phenomenological theory. This not
only brings additional insight to known experiments, but
leads us to discover entirely new bulk phenomena, not
previously seen in a multiferroic such as 1) the existence
of a linear magnetoelectric (ME) vortex structure and 2)
a bulk coupling of ferroelectric (FE) and ferromagnetic
domains such that if P reverses 180◦ so does M.
We show that the former is widely accessible in most
hexa RMnO3 manganites under large magnetic fields,
while the latter is realizable in the ground state of a new
family of materials, the hexa RFeO3 ferrites. Recently
thin films of RFeO3 have been epitaxially stabilized in
the hexa P63cm structure
19–21. By performing a detail
comparison of the ferrites to the manganites we explain
why the ground state of all ferrites display an intrinsic,
bulk M and bulk linear ME effect.
I. FIRST-PRINCIPLES CALCULATIONS ON
SWITCHING Φ BY 180◦
Geometric frustration of the strongly antiferromag-
netic (AFM) nearest neighbor Mn (or Fe) spins leads to
a planar 120◦ non-collinear order which can be described
by two free parameters, Ψ1 and Ψ2, as shown in Fig. 1c.
Four principle configurations, denoted A1 (−pi/2, pi/2),
A2 (pi, 0), B1 (0, 0) and B2 (pi/2, pi/2), have been pre-
viously defined, among which it is well-known that only
the A2 (magnetic space group P63c
′m′) and intermediate
spin configurations that contain a component of A2 allow
a net M along the z axis. What hasn’t been appreciated
in the past is that this known symmetry-allowed M is in
fact induced by the trimer distortion, the consequences
of which are quite profound.
We now begin to make this clear by performing first-
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FIG. 1: First Principles: Improper structural ferroelectricity inducing weak-ferromagnetism, Mz, in hexagonal
structure from first principles. Results are shown for ErMnO3, however, they are true for all hexa manganites and RFeO3
ferrites in the A2 phase that we have considered a, Six structural domains of the primary “trimer” Q
Φ
K3
distortion and the
secondary polarization P. Here α+ ⇐⇒ Φ = 0 and a counterclockwise rotation corresponds to domains differing by Φ = +pi/3.
Arrows indicate the direction of the trimer distortions, only distortions around the 2˜c axis are shown for clarity. b, crystal
structure of the ferroelectric phase (Q0K3 (α
+) domain). c, The spin angles Ψ1 and Ψ2 describing all possible 120
◦ non-collinear
antiferromagnetic (AFM) spin configurations (see Supplemental). Li (i ∈ 1 to 6) denotes transverse component of the ith spin.
We define L1 = cos Ψ1xˆ+ sin Ψ1yˆ, L2 = cos Ψ2xˆ+ sin Ψ2yˆ and remaining four vectors can be created by the crystal symmetry
operations. d, Represents directions of local trimer distortions. The local trimer distortion at site 1 (Q1) and 2 (Q2) are defined
as, Q1 = cos Φ1xˆ + sin Φ1yˆ and Q2 = cos Φ2xˆ + sin Φ2yˆ, respectively. Crystal symmetry implies Φ1 ≡ Φ and Φ2 = pi − Φ1.
e, Energy, f, P, g and h, Mz as a function of QK3 , allowing only Φ = 0 or pi trimer domains. Notice that P =0 when Q
Φ
K3
= 0, suggesting that a proper ferroelectric mechanism in not likely. Note that for higher magnitude of QK3 , P ∝ QK3 and
Mz ∝ QK3 , thus provide linear ME coupling.
principles calculations for a specific example, ErMnO3 in
the A2 phase (which is the spin configuration realized ex-
perimentally under an applied magnetic field22). In first-
principles calculations of the hexagonal manganite struc-
ture it is easy to reverse the trimer distortion, and hence
P, via a structural change from a 1-up/2-down buckling
and tilting ‘in’ of the R-planes and MnO5 bipyramids,
respectively, to a 2-up/1-down and tilting ‘out’, thus re-
maining in the same distinct domain, e.g., α+ → α−.
Having performed these calculations we find that the
trimer distortion not only induces ferroelectricity, but
also weak-ferromagetism23,24 and the linear ME effect,
αzz = ∂Mz/∂Ez ≈ ∂QMz ∗ ∂QPz (see Supplemental),
as shown in Figures 1e through 1h. Furthermore, no-
tice that reversal of the trimer distortion reverses either
the direction of the M, Fig. 1g, or the sign of the linear
ME tensor, Fig. 1h, where both situations are symmetry
equivalent and correspond to whether or not the AFM
spin configuration remains fixed, respectively. This re-
sult is true for all hexa manganites and RFeO3 ferrites
in the A2 phase that we have considered and as we prove
below is a general property of the A2-phase.
We pause now to stress the point that real switch-
ing will occur via a rotation to a neighboring trimer do-
main16, e.g., α+ → β− or γ−. These first-principles re-
sults, however, contain all of the unique ME physics, that
is, if the polarization is reversed either the bulk magne-
tization will reverse or the antiferromagnetic order will
change in such a way that the sign of the bulk magne-
toelectric tensor changes sign. To understand the con-
sequences of these two choices we next derive a simple
phenomenological theory – valid for any trimer domain,
3Φ, and any spin configuration – starting from a micro-
scopic model.
II. PHENOMENOLOGY THEORY FROM
MICROSCOPIC MODEL: GENERALIZING THE
FIRST-PRINCIPLES RESULTS TO SWITCHING
Φ BY npi
3
We start by deriving a spin-lattice model from an ef-
fective spin Hamiltonian25
H =
∑
ij
JijSi ·Sj +
∑
ij
Dij ·Sj ×Sj +
∑
i
Si · τˆi ·Si (2)
where the Jij ’s are the symmetric exchange interac-
tions and Dij ’s are the Dzyaloshinskii-Moriya (DM) an-
tisymmetric exchange vectors, and τˆi is the single-ion
anisotropy (SIA) tensor. (Note that our calculations re-
veal that a dominant DM interaction, Dij , exists only
between nearest neighbor spins within the triangular
planes.)
In the PE structure the DM vector has only a z com-
ponent, which further acts to confine the spins within
the xy plane, while the SIA tensor is diagonal. In the FE
structure, however, the trimer distortion induces a trans-
verse component of the DM vector, Dxyij , parallel to the
xy plane and off-diagonal components of the SIA tensor.
These induced interactions are key and therefore are the
focus in the remaining discussion (all other interactions
can be safely ignored).
The effective DM and SIA interactions for a
single layer of spins. Let us first consider a single layer
of spins, denoted as layer I. We derive the relationship
between the local structural distortions and the induced
DM and SIA interactions by considering a single triangle
of spins (S1, S3 and S5), in the α
+ and α− domains,
Fig. S3c (the exact mapping from a single layer of spins
to a single triangle is proved in the Supplemental).
Note that the induced DM and SIA interactions cant
the spins out of the plane, but all spins in a single plane
have to cant in the same direction, we can therefore write
Si = Li + MI, where Li ≡ Sxyi , i.e., the component of
the spin lying in the xy plane (Fig. 1c), while MI ≡ Szi
is the net magnetic moment per spin of layer I. The total
canting energy per spin can be written as
EcantingI = E
DM
I + E
SIA
I =
1
3
∑
i=1,3,5
deffi · [Li ×MI]. (3)
where deffi = d
DM
i + d
SIA
i is the effective DM-like vector
induced by the tilting of the bipyrimid. This effective in-
teraction includes contributions from both the transverse
DM interactions and the off-diagonal elements of SIA ten-
sor (see Supplemental for derivation). Considering that
MI = M
z
I zˆ and M
z
I d
eff
i · [Li× zˆ] = MzI Li ·
[
zˆ × deffi
]
, the
canting energy per spin can be compactly rewritten as
EcantingI =
1
3
|d|MzI
∑
i=1,3,5
Li · Qˆi = |d|MzI (LI · QˆI) (4)
where we have defined Qˆi such that |deffi |Qˆi ≡ zˆ × deffi ,
and where by symmetry |deffi | = |deff | ≡ |d| and L1 ·Qˆ1 =
L2 · Qˆ2 = L3 · Qˆ3 ≡ LI · QˆI.
It is interesting that Qˆi is the direction of the in-plane
displacement of the apical oxygen that lies directly above
spin Si. It is zero in the PE phase and is in opposite di-
rections in the α± domains. It behaves in every aspect
as an order parameter that defines the local trimer dis-
tortion. In fact, one of the Qˆi’s is the atomic distortion
that Mostovoy has used to define a particular trimer do-
main16. If we had considered a different domain, e.g.,
β+, the Qˆi’s rotate appropriately and in fact have sim-
ilar transformational properties as the trimer structural
distortions, QΦK3 . This suggests (and we prove in the
Supplemental) that Qˆi is a local trimer distortion, which
induces the local DM-like interaction, deffi , and subse-
quently cants the spins.
It is now clear that 1) if the relative phase between
the local AFM spin, LI, and the local trimer distortion,
QˆI, changes sign, the net magnetic moment per spin of a
layer, MI, reverses, i.e, MI ∝ (LI · QˆI)zˆ, and 2) canting
occurs only in a FE phase (where QˆI 6= 0) and only when
there is a nonzero projection of a spin along the direction
of the local trimer distortion. This is why there is no
canting for the A1 and B2 spin states (where LI ·QI = 0).
The real structure – the stacking of two layers.
The real hexa unit cell has two triangular planes, layer I
(which includes sites 1, 3, 5) and layer II (which includes
sites 2, 4, 6), stacked along the z axis, as shown in Fig. 1c
and d. The canting energy per spin is
Ecanting = |d|
[
MzI (LI · QˆI) +MzII(LII · QˆII)
]
(5)
This can be alternatively written as
Ecanting = |d|Mz[LI · QˆI + LII · QˆII]
+|d|Lz[LI · QˆI − LII · QˆII] (6)
where Mz ≡ (MzI + MzII)/2 and Lz ≡ (MzI −MzII)/2 are
the total and stagger magnetic moment per spin respec-
tively. Although the specific sites we choose to define I
and II are arbitrary, it is convenient to associate I with
site 1 and II with site 2. Because symmetry implies
Φ1 = pi − Φ2, where Φ1 (Φ2) is the local trimer angle at
site 1 (2), a single trimer angle, Φ ≡ Φ1, can be defined.
This single angle was used to define the trimer domains
in Fig. 1a.
Note that Eq. 6 is the exact result we derived from
Landau theory (see Supplemental) and explains our first-
principles calculations displayed in Fig. 1; in the A2 state
LI · QˆI = +LII · QˆII, and therefore MzI = MzII leading to
a net magnetization as we previously showed from first
principles. For completeness note that in the B1 state,
however, the projection has the opposite sign in adjacent
layers, LI · QˆI = -LII · QˆII. The spins in each plane still
cant but since the projection changes sign in adjacent
layers no net magnetization exists, MzI = −MzII. We call
this weak-antiferromagentism, wAFM.
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FIG. 2: Predicted clamping of trimer and magnetic
domains and electric field response. At the lowest en-
ergy trimer domain wall Φ changes by pi/3, which will rotate
the AFM spin vectors, L1 and L2, by either a, pi/3 and −pi/3
or b, −2pi/3 and 2pi/3. In the former case Mz remains con-
stant while in the latter Mz reverses at each trimer domain
wall, i.e., ferroelectric, ferromagnetic, and trimer domains are
mutually clamped. c, The schematic diagram displaying the
electric-field switching of ferromagnetic domains (note, figure
inspired by Ref.11).
III. IMPLICATIONS: TESTABLE
PREDICTIONS
Note that if P switched via rotating Φ by pi/3, e.g.,
α+ → β−, L must rotate by either |pi/3| (L·Qˆα+ = −1→
L ·Qˆβ− = −1) or |2pi/3| (L ·Qˆα+ = −1→ L ·Qˆβ− = +1).
s
Prediction 1– In the former case the expected domain
configurations, Fig. 2a, are such that at trimer domain
walls differing by ∆Φ = pi/3 the AFM spins rotate
∆Ψ1,2 = |pi/3|. In this case the direction of the mag-
netization remains the same across the domain wall, i.e.,
although P switches, M is not reversed similar to that
shown in Fig 1h. Still, there exist a bulk linear ME effect
αzz ∝ cos(3Φ) (LI · QˆI + LII · QˆII) (7)
(see Supplemental), which in this case leads to a presence
of a remarkable linear ME vortex structure as the pro-
jections, Li · Qˆi, are equal in all domains, and therefore
αzz is of opposite sign in neighboring trimer domains.
Prediction 2– Note that this seemingly lower energy
AFM switching pathway results in a homogeneous mag-
netization across the entire material. In zero field, this
has to be unstable towards the formation of ferromag-
netic domains. But what kind of domains? They can
occur within the bulk of a trimer domain, i.e., a free
AFM domain. There is, however, an energy cost to form
this domain wall. An alternative path to minimize the
total energy of the system is considered in Fig. 2b, where
at trimer domain walls that differ by ∆Φ = pi/3 the AFM
spins now rotate ∆Ψ1,2 = |2pi/3|. In this case, the mag-
netization direction reverses with the polarization sim-
ilar to that shown in Fig 1g. Therefore, even though
this domain configuration at first appears less likely than
Fig 2a, it provides an avenue for the system to minimize
the magnetostatic energy without having to introduce
free domains. Additionally, in Fig. 2c we sketch the ex-
pected response of the domains to electric-field poling.
In this process the positive electric field, E, e.g., chooses
the (+P,+M) state and therefore reversing of the direc-
tion of electric field will not only switches the direction
of polarization, but also reverses the direction of magne-
tization.
IV. DISCUSSION: POSSIBLE REALIZATIONS
OF PREDICTIONS
Realization 1: The hexagonal Manganites .
In the hexagonal manganites, e.g., ErMnO3, an A2
phase appears under the application of external magnetic
field22. Here, as the magnetic field is swept from zero to
a large (for example) positive value, a ME vortex struc-
ture is expected to appear. Additionally, as the magnetic
field is scanned to negative values the sign of the ME vor-
tex structure should switch. This is precisely what our
preliminary imaging of the ME vortex structure shows
using a new technique called Magnetoelectric Force Mi-
croscopy, as shown in the supplemental.
Realization 2: The A2 ground state in hexa-
RFeO3. Are there materials in which this physics is
realized in the ground state? Recently thin films of
RFeO3 have been epitaxially stabilized in the hexa P63cm
structure19,20. These hexa ferrites exhibit ferroelectric-
ity above room temperature, but with conflicting results
as to its origin26,27. Additionally there is evidence of a
magnetic transition around ∼ 100K, at which M becomes
nonzero21,26–28, however, the significance of this or even
if it is an intrinsic or bulk effect is not previously known.
Our calculations suggest strongly that ferroelectricity
in the hexa ferrites is of the improper structural type
where the trimer distortion induces P (see Supplemen-
tal for full discussion), and therefore a similar topologi-
cal domain structure should exist as in the manganites.
The difference in electronic structure between mangan-
ites and ferrites, however, requires Fe spins of any hexa
ferrite to order in the A2 spin configuration in ground
state. Additionally, the much stronger exchange interac-
tions leads to the possibility of spin ordering above room
temperature, as recently suggested by the experiments
of Ref. 21.) Therefore, both scenarios displayed in Fig. 2
are possible. We now discuss our first-principles calcula-
tions indicating that the ground state of any hexagonal
ferrite will indeed have the A2 magnetic configuration.
Magnetic structure. In addition to the principle mag-
netic configurations we also considered the four known
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FIG. 3: The noncollinear magnetic and electronic
structure from first principles. First-principles calcula-
tions of a, Noncollinear magnetic energies and b, density of
states (collinear). Note that the difference in orbital occu-
pancy is the fundamental reason why ferrites, top, and man-
ganites, bottom, have different magnetic ground states and
subsequently the key to the predicted bulk coupling of polar-
ization and magnetism in ferrites. Insets: crystal field split-
ting and occupancy of the TM majority 3d channel.
intermediate magnetic structures (see Fig.S7). The re-
sults of our total energy calculations for LuFeO3, LFO,
and LuMnO3, LMO, are presented in Fig. 3a (for clar-
ity we limit our discussion to these two compounds). In
agreement with non-linear optical measurements29, we
find that LMO stabilizes in the wAFM B1 state. In con-
trast, LFO stabilizes in the wFM A2 state giving rise to
a net canted spin moment Mz = 0.02µB/Fe along the z
axis. Note, however, that the A1 state, where the net
magnetic moment is equal to zero in each layer by sym-
metry, is also close in energy.
Electronic structure. In the PE phase the crystal field
at the TM site has a D3h trigonal point symmetry, which
splits atomic 3d levels into three sets of states as shown
in the insets of Fig.3b. The density of states (DOS) plots
calculated for LFO and LMO in the FE phase are shown
in Fig. 3b. LFO is a charge-transfer insulator with the
conduction band formed by minority Fe 3d states and
the valence band composed of O 2p states, below which
are the filled majority Fe 3d bands. In the case of LMO
majority 3d bands are partially filled with d4 electronic
configure, while minority 3d levels are completely empty.
The importance of these differences will be made clear
when discussing the magnetic interactions.
Symmetric exchange. Although it is the DM interac-
tions and SIA that drives spin canting, it is the symmet-
ric exchange that determines the magnetic configuration
type. There are two important symmetric exchange in-
teractions. The first is a strong, AFM superexchange
interaction between in-plane nn spins, Jnn. Its magni-
tude is much larger for LFO compared with LMO, sug-
gesting a substantially larger magnetic ordering tempera-
ture for ferrites (within mean field theory the calculated
Currie-Weiss temperature for LFO in the FE phase is
ΘCW = 1525 K, while in LMO ΘCW = 274 K
30).
The second is a weak, super-superexchange interaction,
Jc, which couples consecutive spin planes via a TM-O-
Lu-O-TM exchange pathway (see Fig.S8a). In the PE
structure, a spin in one layer is connected to three spins
in a consecutive layer. Each of these degenerate spin-spin
interactions has two equivalent exchange pathways. We
find that the interlayer exchange is AFM for LFO but
FM for LMO. Although the strength of this interaction
is relatively weak, this sign difference turns out to be key.
In the PE structure symmetry implies that the relative
orientation of the spins in consecutive spin planes is arbi-
trary. The trimer distortion, however, splits the three de-
generate interactions into: a single J11c interaction, medi-
ated by two equivalent TM-O-Lu1-O-TM exchange path-
ways, and two J12c interactions, where each interaction is
mediated by a TM-O-Lu1-O-TM and a TM-O-Lu2-O-
TM exchange pathway (see Fig.S8b). This remarkably
introduces an extra contribution to the energy
ESEinter = 2∆Jc cos(Ψ1 −Ψ2) (8)
where ∆Jc = J
11
c −J12c , the sign of which is key in deter-
mining the spin configuration type: A-type (Ψ2=Ψ1+pi)
for ∆Jc > 0 or B-type (Ψ2=Ψ1) for ∆Jc < 0.
A simple structural analysis shows that the super-
super exchange mediated through the Lu2 ion is always
weaker than that mediated through the Lu1 ion, and in-
deed our calculations show that the magnitude of J11c is
always larger than J12c (see Supplemental). We therefore
see that the choice between A-type and B-type in the FE
structure is in fact determined by the sign of Jc in the
PE structure. This is important. In ferrites, the AFM
nature of the interlayer exchange is uniquely determined
by the orbital occupancy, it is always AFM and therefore
ferrites will always prefer A-type magnetic configurations
and the wFM ground state. (Although the interlayer ex-
change in LMO is FM, which explains why it prefers B-
type magnetic configurations, it is not universally so; a
discussion is given in the Supplement).
V. SUMMARY
In this paper we have discussed an intriguing con-
sequence of improper ferroelectricity in the hexagonal
manganite-like systems. We have shown for the first time
that a non-polar trimer structural distortion not only
induces an electrical polarization but also induces bulk
weak-ferromagnetism and a bulk linear magnetoelectric
vortex structure. It is a universal feature of A2-type hexa
systems in which the trimer distortion mediates an intrin-
sic bulk trilinear-coupling of the polarization, magnetiza-
tion, and antiferromagnetic order.
6Note that it was recently inferred from neutron diffrac-
tion21 that LFO orders above room temperature (high for
a frustrated magnet) in an AFM state with M = 0, and
at a lower temperature undergoes a reorientation tran-
sition to the A′ phase inducing a M 6= 0. As shown in
Fig. 3a, the A1 (M = 0 by symmetry) and A
′ (finite
M allowed) states, lie energetically very close to ground
state in LFO, which support such a picture.
There is, however, an intriguing alternative scenario
involving a crossover from a state in which several mag-
netic order types are degenerate to the A2 spin configura-
tion ground state, driven by the trimer distortion. Note
that the symmetry of the PE structure not only implies
that the A and B spin configurations are degenerate, but
in fact that all of the principle spin configurations are
degenerate as there can be no in plane anisotropy. The
trimer distortion lifts the degeneracy between the A and
B spin configurations as
∆Jc ∝ Q2K3 (9)
while the in plane anisotropy due to the effective DM-
like interaction (the trimer distortion induced in plane
anisotropy of the SIA tensor is negligible) always favors
phases with canted spins and is lifted as
deff ∝ QK3 (10)
as we show in the Supplemental. In this picture, as tem-
perature is lowered and the trimer distortion increases in
magnitude, there is a smooth crossover to the A2 state.
VI. METHOD
The first principles calculations were performed
using the DFT+U method31 with the PBE form of
exchange correlation functional32. We considered Lu
4f states in the core and for TM 3d states we chose
U = 4.5 eV and JH = 0.95 eV. Structural relaxations,
frozen phonon and electric polarization calculations
were performed without the spin-orbit coupling (SOC)
using the projected augmented plane-wave basis based
method as implemented in the VASP33,34. We used
a 4×4×2 k-point mesh and a kinetic energy cut-off of
500 eV. The Hellman-Feynman forces were converged
to 0.001 eV/A˚. The electronic and magnetic properties
were studied in the presence of SOC. We additionally
cross-validated the electronic and magnetic properties
using the Full-potential Linear Augmented Plane Wave
(FLAPW) method as implemented in WIEN2K code35.
VII. SUPPLEMENTARY MATERIALS
A. Landau Theory
In this section we use a phenomenological Landau the-
ory to show the existence of a trilinear coupling between
the antiferromagnetic order, the trimer distortion and the
magnetization.
The unit cell contains two triangular layers of transi-
tion metal (TM) ions. Within the layer α (α =I, II) a
local magnetic structure is a combination of 120◦ anti-
ferromagnetic order in the xy plane and a magnetization
along the z axis, Mzα. The former can be represented by
a complex order parameter
Lα = Lxye
iΨα (11)
where the angles ΨI and ΨII describe in-plane spin di-
rections of two reference TM ions, as we consider S1 and
S2 respectively, from adjacent layers connected by the 2˜c
axis that remains in the FE phase, see Fig. 4b. Therefore
ΨI ≡ Ψ1 and ΨII ≡ Ψ2. Note that because of symmetry
we only need to consider one of the three spins in each
layer.
The layer magnetizations can be alternatively repre-
sented by the z components of the net magnetization
(Mz ≡ (MzI + MzII)/2) and staggered magnetization
(Lz ≡ (MzI −MzII)/2).
The trimer distortion corresponds to the condensation
of the zone-boundary K3 mode. While the small repre-
sentation of K3 is one-dimensional, the star contains two
wavevectors (k and −k) and therefore the trimer distor-
tion can be described by a complex order parameter
QI = QK3e
iΦ1 (12)
It turns out that Φ1 ≡ Φ transforms as the phase angle
that describes the in-plane displacement of some refer-
ence apical oxygen in the FE phase which we choose to
lie directly above the reference TM ion used for defining
Ψ1, , see Fig. 4b and c. While the order parameter QI
fully describes the trimer distortion, it is convenient to
introduce additional trimer order parameter
QII = QK3e
iΦ2 (13)
with Φ2 = pi−Φ1. As shown in Fig. 4c, Φ2 describes the
in-plane displacement of the apical oxygen lying directly
above the reference TM ion used for defining Ψ2. The
introduction of the second trimer order parameter allows
us to represent the structural distortion in an analogous
way as the magnetic ordering which will lead to a par-
ticularly transparent form of coupling between structure
and magnetism.
The character table below shows the transformation
properties of the Lα and Qα order parameters as well as
their complex conjugates with respect to symmetry op-
erations of the P63/mmc1’ reference structure (included
are only the symmetry elements that are broken by the
magnetic and/or the trimer orderings). In addition, the
transformation properties of the following combinations
of these order parameters are shown
Xη = QIL
∗
I + ηQIIL
∗
II (14)
where η = ±. Note that Xη are the only bilinear combi-
nations of antiferromagnetic and trimer order parameters
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FIG. 4: Magnetic and trimer order parameters. a ”Clover-leaf” structural domain pattern, where antiphase structural
domains are clamped to ferroelectric domain walls. b The spin angles Ψ1 (≡ ΨI) and Ψ2 (≡ ΨII), describing the in-plane spin
directions for two reference TM spins S1 and S2 respectively. c Phase angles Φ1 (≡ ΦI) and Φ2 (≡ ΦII) that describe the local
trimer distortion for layer I and II respectively, where Φ1 = Φ and Φ2 = pi − Φ1.
that are invariant under translation. The transformation
properties of Mz, Lz, and the z components of the elec-
tric polarization (Pz) are also shown.
TABLE I: The character table showing the transformation
properties of Lα and Qα order parameters as well as their
complex conjugates with respect to symmetry operations of
the P63/mmc1’ reference structure. In addition the trans-
formation properties of Xη, Pz, Mz, and Lz are shown. We
defined η = ± and φ = e−i2pi/3
.
Sx 2˜c mxy I R
Pz +Pz +Pz +Pz −Pz +Pz
QI φQI −QII +Q∗I +QII +QI
Q∗1 φ
∗Q∗I −Q∗II +QI +Q∗II +Q∗I
QII φ
∗QII −QI +Q∗II +QI +QII
Q∗II φQ
∗
II −Q∗I +QII +Q∗I +Q∗II
LI φLI −LII −L∗I +LII −LI
L∗I φ
∗L∗I −L∗II −LI +L∗II −L∗I
LII φ
∗LII −LI −L∗II +LI −LII
L∗II φL
∗
II −L∗I −LII +L∗I −L∗II
Xη +Xη ηXη −X∗η ηXη −Xη
Mz +Mz +Mz −Mz +Mz −Mz
Lz +Lz −Lz −Lz −Lz −Lz
From the above table it is clear that the following two
free energy invariants are allowed:
FMztri ∼ <[X+]Mz (15)
FLztri ∼ <[X−]Lz (16)
where < denotes a real part. These invariants can be
alternatively written as
FMztri ∝ (QI · LI + QII · LII)Mz (17)
FLztri ∝ (QI · LI −QII · LII)Lz (18)
where we defined two-dimensional real vectors Lα =
Lxy(cos Ψα, sin Ψα) and Qα = QK3(cos Φα, sin Φα). As
a consequence of this trilinear coupling, presence of
the trimer distortion and the 120◦ antiferromagnetic or-
der leads to weak (anti)ferromagnetism with (staggered)
magnetization given by
Mz ∝ (QI · LI + QII · LII) (19)
Lz ∝ (QI · LI −QII · LII) (20)
Note that due to equivalence of TM ion layers we have
|MzI | = |MzII| which in turn implies that the proportional-
ity coefficients in Eqs. (19) and (20) are equal. Therefore,
by adding and subtracting Eqs. (19) and (20) we obtain
Mzα ∝ Qα · Lα (21)
where the proportionality coefficient doesn’t depend on
α. The above equation clearly shows that for a given TM
ion layer canting appears when a projection of an xy-
spin along the direction of the local trimer distortion is
nonzero which is for any spin configuration except A1 and
B2 structures. Further, if the projection have the same
sign for adjacent layers (A spin configurations) there is
a net magnetization while if for neighboring layers the
8projections have opposite signs (B spin configurations)
we have weak anti ferromagnetism.
In order to make a connection of the phenomenological
theory with our microscopic model let’s define the vector
deffα by Qα = zˆ×deffα . Then invariants (17) and (18) can
be written as
FMztri ∝ (deffI · (LI × zˆ) + deffII · (LII × zˆ))Mz (22)
FLztri ∝ (deffI · (LI × zˆ)− deffII · (LII × zˆ))Lz (23)
while the layer magnetization is given by
Mzα ∝ deffα · (Lα × zˆ) (24)
Where deffI ≡ deff1 and deffII ≡ deff2 . We can thus in-
terpret deffα as an effective Dzyaloshinskii-Moriya (DM)
vector for layer α. We will show in the next section
that deffα originates from the transverse component of the
DM interaction and off-diagonal elements of the single-
ion anisotropy (SIA) tensor which are both induced by
the trimerization distortion.
B. Spin-Lattice coupling from the
Dzyaloshinskii-Moriya interaction and Single-Ion
Anisotropy
The Dzyaloshinskii-Moriya interaction of a sin-
gle layer of bipyramids: We considered only in-plane
nearest-neighbor (nn) DM interactions which are medi-
ated by TM-Oeq-TM paths (here Oeq denotes an equato-
rial oxygen atom). In the paraelectric phase all nn DM
vectors are equivalent and only their z components are
nonzero. Note that the σz mirror plane requires DM vec-
tors for adjacent TM-TM bonds to be opposite, see Fig.
5a. Physically this is a result of different chiralities of
TM-Oeq-TM hopping paths for these DM vectors. The z
components of the DM vectors confine the spins within
the xy plane and don’t contribute to canting. They are
thus ignored in the following discussion.
In the ferroelectric phase we have two nonequivalent
equatorial oxygens: O1eq and O
2
eq. Consequently, the nn
DM vectors split into two nonequivalent types: one medi-
ated by a TM-O1eq-TM path and the other mediated by a
TM-O2eq-TM path. In addition, both types of DM vectors
acquire a nonzero transverse (xy) component which is
perpendicular to the corresponding TM-TM bond. Note
that for DM vectors mediated by TM-O2eq-TM path the
component parallel to the TM-TM bond is, in general,
allowed by symmetry due to different orientations of api-
cal oxygen displacements for the two TM ions. How-
ever, since apical oxygens have minor effect on TM-TM
hopping, the parallel component is small which was con-
firmed by our first principles calculations. In the follow-
ing we thus neglected the parallel component to obtain
clearer picture of DM interactions. We point out, how-
ever, that the inclusion of the parallel component doesn’t
affect our main conclusions. Transverse components of
DM vectors between TM site 1 (see Fig. 5a) and its
3
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FIG. 5: Dzyaloshinskii-Moriya interactions and Single-
Ion Anisotropy. a The in-plane nn DM vectors for a single
triangular layer of TM ions, b SIA tensors for the paraelectric
phase and for two opposite directions of the trimer distortion
in the ferroelectric phase. All six DM vectors acting on TM
site 1 and SIA tensor for this site are shown. DM vectors
and SIA tensors for other bonds and sites can be generated
by applying the appropriate symmetry operations of crystal
space group. In the paraelectric phase only the z component
of the nn DM vectors are non-zero since triangular layers are
mirror planes. The cross (dot) mark represents direction of a
DM vector along positive (negative) zˆ axis. In the ferroelectric
structure, the trimer distortion lowers the symmetry, leading
to two nonequivalent types of in-plane nn DM vectors: one
mediated by TM-O1p-TM path and the other mediated by TM-
O2p-TM path.
nearest neighbors for different trimer domains are shown
in Table VII B.
Here we derive the relationship between the local struc-
tural distortions and the induced Dxyij . Let’s consider the
layer α = I. The DM interaction energy (per spin) is given
by (see notation in Fig. 5a)
9TABLE II: Transverse components of DM vectors between TM site 1 (see Fig. 5a) and its nearest neighbors for different trimer
domains.
Φ Dxy13 D
xy
13′ D
xy
13′′
0 Dxy(− 12 ,−
√
3
2
) D′xy(−1, 0) D′xy( 12 ,−
√
3
2
)
pi/3 D′xy(− 12 ,−
√
3
2
) D′xy(1, 0) Dxy(
1
2
,−
√
3
2
)
2pi/3 D′xy(
1
2
,
√
3
2
) Dxy(1, 0) D
′
xy(
1
2
,−
√
3
2
)
pi Dxy(
1
2
,
√
3
2
) D′xy(1, 0) D
′
xy(− 12 ,
√
3
2
)
4pi/3 D′xy(
1
2
,
√
3
2
) D′xy(−1, 0) Dxy(− 12 ,
√
3
2
)
5pi/3 D′xy(− 12 ,−
√
3
2
) Dxy(−1, 0) D′xy(− 12 ,
√
3
2
)
Φ Dxy15 D
xy
15′ D
xy
15′′
0 Dxy(
1
2
,−
√
3
2
) D′xy(− 12 ,−
√
3
2
) D′xy(1, 0)
pi/3 D′xy(
1
2
,−
√
3
2
) D′xy(
1
2
,
√
3
2
) Dxy(1, 0)
2pi/3 D′xy(− 12 ,
√
3
2
) Dxy(
1
2
,
√
3
2
) D′xy(1, 0)
pi Dxy(− 12 ,
√
3
2
) D′xy(
1
2
,
√
3
2
) D′xy(−1, 0)
4pi/3 D′xy(− 12 ,
√
3
2
) D′xy(− 12 ,−
√
3
2
) Dxy(−1, 0)
5pi/3 D′xy(
1
2
,−
√
3
2
) Dxy(− 12 ,−
√
3
2
) D′xy(−1, 0)
EDMI =
2
3
(Dxy13 + D
xy
13′ + D
xy
13′′) · (S1 × S3) +
2
3
(Dxy35 + D
xy
35′′ + D
xy
3′5) · (S3 × S5) +
2
3
(Dxy51 + D
xy
5′1 + D
xy
5′′1) · (S5 × S1)
=
2
3
D¯13 · (S1 × S3) + 2
3
D¯35 · (S3 × S5) + 2
3
D¯51 · (S5 × S1) (25)
where we defined the bar DM vectors
D¯13 ≡ Dxy13 + Dxy13′ + Dxy13′′ = D¯xy (cos(Φ− 2pi/3), sin(Φ− 2pi/3)) (26)
D¯35 ≡ Dxy35 + Dxy35′′ + Dxy3′5 = D¯xy (cos(Φ), sin(Φ)) (27)
D¯51 ≡ Dxy51 + Dxy5′1 + Dxy5′′1) = D¯xy (cos(Φ + 2pi/3), sin(Φ + 2pi/3)) (28)
with D¯xy = Dxy + D
′
xy. The above expressions can be
easily obtained from Table VII B or Fig. 5a. Note that
the bar DM vectors have magnitude D¯xy and form a 120
◦
angle with each other.
Therefore, a much simpler picture emerges; the rela-
tionship between the local structural distortions and the
induced Dxyij can be derived by considering a single tri-
angle of spins (S1, S3 and S5) interacting by the bar DM
vectors, see Fig. 6 for the case of the α+ and α− domains.
Since all spins cant in the same direction we can write
Si = Li + MI where Li are defined in Fig. 1d of the
main manuscript and MI is the parallel to the z axis
layer magnetization. We then obtain
EDMI =
2
3
(D¯13 +D¯15) ·(L1×MI)+ 2
3
(D¯35 +D¯31) ·(L3×MI)+ 2
3
(D¯51 +D¯53) ·(L5×MI) = 1
3
∑
i=1,3,5
di · [Li×MI] (29)
where the di’s, e.g., d1 ≡ 2(D¯13+D¯15), are the effective, transverse DM-interactions. Using A·(B×C) = B ·(C×A)
and MI = M
z
I zˆ the DM energy can be rewritten as
EDMI =
1
3
MzI
∑
i=1,3,5
Li · [zˆ× di] = 2
√
3
3
D¯xyM
z
I
∑
i=1,3,5
Li · Qˆi (30)
where we used 2
√
3D¯xyQˆi = zˆ× di with Qˆi’s being unit vectors defined in Fig. 1d of the main manuscript. The
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relation between di and Qˆi can be straightforwardly ob-
tained from Eqs. 30 but more physical insight into this
relation can be gained by noting that Dxyij ∝ rˆij × uOeq
where rˆij is the unit vector pointing from site i towards
j and uOeq is the displacement of the equatorial oxygen
away from the plane (e.g., due to the tilting of the bipyra-
mid) which is zero in the PE phase and parallel to the z
axis in the FE phase. For the α± trimer domains we find
d1 ∝ ±zˆ× (rˆ13 + rˆ15) (31)
As seen from Fig. 6b, rˆ13 + rˆ15 = Qˆ1 giving
Qˆ1 ∝ ±zˆ× d1 (32)
Other di can be found by cyclic permutations: 1→ 3,
3→ 5, and 5→ 1. The same results can be obtained for
other trimer domains.
Note that
L1 · Qˆ1 = L3 · Qˆ3 = L5 · Qˆ5 ≡ LI · QˆI = Lxy cos(Φ−Ψ1)
(33)
We thus obtain
EDMI = 2
√
3D¯xyM
z
I LI · QˆI = MzI L1 · zˆ× d1 (34)
which leads to
MzI ∝ L1 · zˆ× d1 = 2
√
3D¯xyLI · QˆI (35)
in agreement with Eqs.21 obtained from the Landau
theory. It is now clear that the microscopic origin of the
layer magnetization is the the trimer induced transverse
components of the DM interactions which cant spins
away from the xy plane. As we will see in the next
section, however, there is also another contribution to
the canting that originates from the single-ion anisotropy
(SIA).
The Single-ion anisotropy of a single layer of
bipyramids: In the paraelectric phase the crystal field
has the same orientation for all TM ions so the single-ion
anisotropy (SIA) tensor, τˆi, does not depend on magnetic
site index i. A global coordinate system (see Fig. 5) can
be thus chosen in which τˆ is diagonal with elements τxx,
τyy, τzz. A uniaxial site symmetry and the zero-trace
condition lead to τxx = τyy = −τzz/2.
On the other hand, in the ferroelectric phase the crys-
tal field may have different orientations for different TM
ions and therefore τˆi does depend on i. Even though
all TM ions remain equivalent and thus SIA tensors for
different magnetic sites are related by symmetry, in any
global coordinate system SIA tensor for some magnetic
ions have off diagonal components. In addition, the uni-
axial site symmetry is lost in the ferroelectric phase lead-
ing to the in-plane anisotropy (τxx 6= τyy). In the coor-
dinate system as in Fig. 5a the SIA tensor for site 1 in
the Φ = 0 trimer domain is given by
✕
S1 S3 
S5 
¤	  
S1 S3 
S5 
S5 
S3 S1 rˆ13
rˆ15
rˆ13 + rˆ15
Dˆij ! ("zˆ # rˆij )
dˆ1![("zˆ)# (rˆ13 + rˆ15)]
Dˆij ! (+zˆ " rˆij )
dˆ1![(+zˆ)" (rˆ13 + rˆ15)]
= ![(!zˆ)" (rˆ13 + rˆ15)]
¤	  !
Oep displacing || -z 
¤	  
!
Oep displacing || +z 
M 
M 
L1 L3 
L5 
Q1 
Q3 
Q5 
L1 
Q1 
L3 
Q3 
Q5 L5 
!+(! = 0)a !!(" = " )
b 
c 
d 
!
D15
!
D53
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D31
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D15
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FIG. 6: Microscopic: Basic ingredients to describe
connection between microscopic spin-lattice model
and a simple phenomenological model. a and b, local
trimer distortion around S1 from two different projections.
c, the transverse components of DM vectors are shown for
a single triangle in a single layer. Cross and dot signs de-
note displacement of the equatorial oxygen along -zˆ and +zˆ
respectively. d, demonstrates the relation Mz ∝ (L.Q)zˆ.
τˆ =
τxx 0 τxz0 τyy 0
τxz 0 τzz
 (36)
For a general trimer domain the SIA tensor for site 1
is given by RΦτˆR
−1
Φ where RΦ is a rotation matrix
RΦ =
cos Φ − sin Φ 0sin Φ cos Φ 0
0 0 1
 (37)
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The effect of trimer distortion on the components of
the SIA tensor can be understood if we assume that the
crystal field for a given TM ion is determined solely by
its oxygen bypyramid. In this case the components of τˆ
in Eq. (36) can be expressed in terms of the tilting angle
θ and the value of τzz in the paraelectric phase (hereafter
denoted by τ0zz). For site 1 we have:
τxx = −τ0zz/2 (38)
τyy = − cos2(θ)τ0zz/2 + sin2(θ)τ0zz (39)
τzz = cos
2(θ)τ0zz − sin2(θ)τ0zz/2 (40)
τxz = −3 sin(2θ)τ0zz/4 (41)
First principles calculations show that the in-plane
anisotropy is very small (see Table. V). Indeed, as seen
from Eqs. (41) this difference is proportional to sin2 θ
which is a very small quantity. On the other hand, the
off-diagonal component, τxz is proportional to sin 2θ and
is correspondingly substantially larger and plays impor-
tant role in the canting.
Let’s consider the SIA contribution to the canting en-
ergy (per spin) for the layer α = I
ESIAI =
1
3
∑
i=1,3,5
Si · τˆ1 · Si = 2
3
τxzM
z
I
∑
i=1,3,5
Li · Qˆi = 2τxzMzI LI · QˆI (42)
where we kept only the terms proportional to MzI . The
above equation has a similar form as Eq. 30. Indeed, we
can define a DM-like vector dSIAi as 2τxzQˆi = zˆ×dSIAi .
We then get
ESIAI =
1
3
∑
i=1,3,5
dSIAi · [Li ×MzI ] (43)
The total energy and magnetization of a single
layer of bipyramids: Combining Eqs. (30) and (43)
we obtain
EcantingI = E
DM
I + E
SIA
I =
1
3
∑
i=1,3,5
deffi · [Li ×MI] (44)
where deffi = di + d
SIA
i is the effective transverse DM
vector with the magnitude |deff | = 2|√3D¯xy + τxy|.
Again using A · (B×C) = B · (C×A) and MI = MzI zˆ,
Ecanting can be rewritten as
EcantingI = M
z
I
∑
i=1,3,5
Li · [zˆ× deffi ]
= |deff |MzI LI · QˆI (45)
so that the layer magnetization due to canting is given
by
MzI ≈
(
√
3D¯xy + τxz)
6Jnn
LI ·QI (46)
where Jnn is the nn exchange interaction.
We thus recovered the result from Landau Theory.
The real structure: the stacking of two layers:
Let us consider now a real hexa structure which is com-
posed of two layers α = I and α = II, each with a, in
principle different, layer magnetization, MzI and M
z
II re-
spectively. The canting energy is
Ecanting = (E
canting
I + E
canting
II )/2 = |deff | [MzI (LI ·QI) +MzII(LII ·QII)] /2 (47)
This result shows clearly that the B1 state displays weak-
antiferromagentism, wAFM, i.e., there is a canting of the
spins out of each spin plane, but since the projection
changes sign in adjacent layers, i.e., LI ·QI = -LII ·QII,
no net magnetization exists, Mz = M
z
I + M
z
II = 0. In
the A2 phase, however, the projection has the same sign
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in adjacent layers, LI · QI = +LII · QII, and therefore
MzI = M
z
II leading to a net magnetization along the z
axis. This result explains our first-principles calculations
displayed in Fig.1 of the main manuscript and provides
a microscopic justification for the results of our simple
Landau theory.
The above results can be rewritten in terms of the
trimer phase and the spin angles
EA2canting ∝ MzQK3Lxy [cos(Ψ1 − Φ)− cos(Ψ2 + Φ)](48)
EB1canting ∝ LzQK3Lxy [cos(Ψ1 − Φ) + cos(Ψ2 + Φ)](49)
describing weak-ferromagnetism for the A2 phase
and weak-antiferromagnetism for the B1 phase re-
spectively. Notice that if P switched via rotating Φ
by |pi/3|, e.g., α+ → β−, L must rotate by either
|pi/3| (L · Qα+ = −1 → L · Qβ− = −1) or |2pi/3|,
(L ·Qα+ = −1→ L ·Qβ− = +1).
C. Magnetoelectric effect
The ferroelectric phase in the A2 magnetic structure
has P63c’m’ space group. The corresponding point group
is 6m’m’ which allows for magnetoelectric (ME) effect
with magnetoelectric susceptibility tensor,
αˆ =
α⊥ 0 00 α⊥ 0
0 0 α‖
 (50)
In order to understand the origin of this ME cou-
pling we consider Landau expansion with respect to the
P63/mmc1
′ reference structure. The part of the free en-
ergy that depends on Mz can be written as
F (Mz) =
1
2
aMM
2
z −
1
2
ctrQK3Mz(QˆI ·LI+QˆII ·LII) (51)
where we defined Qˆα = Qα/QK3 . Minimizing with re-
spect to Mz we find an equilibrium magnetization
Mz =
1
2
ctr
aM
QK3(QˆI · LI + QˆII · LII) (52)
Assuming the in-plane spin components are rigid (this as-
sumptions is rigorous in the A2 phase) the zz component
of the ME susceptibility is
α‖ =
∂Mz
∂Ez
∣∣∣∣
Ez=0
=
1
2
ctr
aM
(QˆI · LI + QˆII · LII) ∂QK3
∂Ez
∣∣∣∣
Ez=0
(53)
In order to find
∂QK3
∂Ez
∣∣∣
Ez=0
we consider the free energy as a function of Pz and QK3
F (Pz, QK3) =
1
2
aPP
2
z +
1
2
aQQ
2
K3 +
1
4
bQQ
4
K3 − dPzQ3K3 cos 3Φ +
1
2
d′P 2zQ
2
K3 − EzPz (54)
In above Mz was integrated out resulting in renormalization of the aQ coefficient. Minimizing with respect to Pz we
obtain
Pz =
dQ3K3 cos 3Φ + Ez
aP + d′Q2K3
(55)
We assume that we are well below the trimerization transition and QK3 is large and satisfies
d′
aP
Q2K3 >> 1. Then the
above equation simplifies to
Pz ≈ d
d′
QK3 cos 3Φ +
1
d′Q2K3
Ez (56)
Minimization of Eq. (54) with respect to QK3 leads to
aQQK3 + bQQ
3
K3 − 3dPzQ2K3 cos 3Φ + d′P 2zQK3 = 0 (57)
Substituting (56) into (57) we obtain
aQQK3 + b˜QQ
3
K3 −
d
d′
Ez cos 3Φ +O(E
2
z ) = 0 (58)
where b˜Q = bQ − 2d2/d′ and we took into account that within any trimer domain cos 3Φ = ±1. Taking derivative
with respect to Ez at Ez = 0 we obtain
aQ
∂QK3
∂Ez
∣∣∣∣
Ez=0
+ 3b˜QQ
2
K3(Ez = 0)
∂QK3
∂Ez
∣∣∣∣
Ez=0
− d
d′
cos 3Φ = 0 (59)
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From (58) we obtain Q2K3(Ez = 0) = −aQ/b˜Q leading to
∂QK3
∂Ez
∣∣∣∣
Ez=0
= − 1
2aQ
d
d′
cos 3Φ (60)
Therefore, the magnetoelectric susceptibility becomes
α‖ = −1
4
ctrd
aMaQd′
(QˆI · LI + QˆII · LII) cos 3Φ (61)
Note that from ( 52) and ( 56) it follows that,
α ∝ ∂Mz
∂QK3
∗ ∂Pz
∂QK3
≡ ∂QMz ∗ ∂QPz (62)
Few comments are in order. First, α‖ is nonzero only
when (QˆI · LI + QˆII · LII) is nonzero which is exactly
the condition for existence of weak ferromagnetism that
requires that the magnetic configuration has a nonzero
A2 component. Second, if (QˆI · LI + QˆII · LII) is fixed
(i.e., the projections Qˆα · Lα) are equal in all domains),
then the sign of α‖ switches as we go from prime (Φ =
pi,±pi/3) to nonprime (Φ = 0,±2pi/3,) trimer domains.
In other words, the domains with parallel Mz and Pz
have an opposite sign of α‖ than domains with Mz and
Pz antiparallel.
D. Implications of the trilinear coupling
The trilinear coupling of Eq. 47 is quite remarkable.
It implies that in the A2 phase the trimer distortion
not only induces a polarization but also mediates a non-
trivial bulk P-M coupling. To make this clear, we con-
sider a thought experiment in which an electric field, E
applied along the z axis can switch P to any one of the
three trimer domains with −P (more in the Discussion).
Let the system be initially in the α+ domain with polar-
ization +P and Qα · Lα = −1, Fig. 7b. Then there are
two possible scenarios:
{α+ → α−}. In a proper FE like PbTiO3 the struc-
ture of the +P domain is related to the −P domain by
a reversal in the direction of the polar distortions w.r.t
the PE structure, e.g, the Ti4+ ion moving from up to
down. The analogous situation in the hexa systems corre-
sponds to a structural change from a 2-up/1-down buck-
ling and tilting ‘out’ of the R-planes and bypyramids,
respectively, to a 1-up/2-down and tilting ‘in’, while re-
maining in the same distinct domain, e.g., α+. This cor-
responds to switching P via rotating Φ by pi (Fig. 7c).
In this α− domain, because of Eq. 47, either Lα has to
rotate 180◦ (Qα ·Lα = −1) or the small canting angle has
to change sign (Qα · Lα = +1). It is not unreasonable
to expect the latter to be more favorable, leading to a
reversal of M.
{α+ → β−}. The improper nature of ferroelectricity,
however, offers an even more interesting possibility is that
there exists three distinct and accessible domains (α, β,
and γ). As an example let P switch via rotating Φ by pi/3
β− domain Φ=pi/3α− domain Φ=pi
β− domain Φ=pi/3
Q.L ~ −1
α+ domain Φ=0
x^
y^
x^
y^ Φ2
. .
.
β− domain Φ=pi/3
Φ1
L switches by 60O
P = +P 
Q= −Q 
 Initial configuration
Immediately after switching Q to
A long time after switching to 
Two possible equilibrium magnetic domains
L switches by −120
= −Q 
Q.L
= +L 
= −M (M ~        )
= +P 
Q.L ~ −1
P 
Q
L
M
= −Q 
Q.L= +M (M ~        )
= +P 
Q.L ~ +1
P 
Q
L
M
= −Q 
Q.L= +M (M ~        )
= +P
~ +1
P 
Q
L
M
= −L 
= −L 
Q
P 
L
M= −M (M ~        )Q.L
a b
c d
e f
out of equilibrium
By symmetry
Φ1 = pi−Φ2   Φ
O
= −P 
= +Q 
= −L
Q.L 
−1 < Q.L <0 
FIG. 7: Bulk cross-coupling of polarization and mag-
netization in A2 phase. Thought experiment to elucidate
the cross-coupling of ferroelectricity and magnetism mediated
by the trimer distortion for the predicted A2 magnetic ground
state. a, Definition of local trimer angles Φ1 and Φ2, b, Initial
equilibrium α+ domain ≡ {-P,+Q, -Lxy, -Mz}. Immediately
after switching c, to the α− domain, Lxy still in ground state,
therefore -Mz → +Mz; α− domain ≡ {+P,-Q, -Lxy, +Mz},
d, β− domain, Lxy is not in a ground state and must rotate
either, e, 60◦, therefore -Mz → -Mz; β− domain ≡ {+P,-Q,
+Lxy, -Mz}, or f, 120◦, therefore -Mz → +Mz; β− domain ≡
{+P,-Q, -Lxy, +Mz}.
and consider the configuration immediately after, Fig. 7d.
In this β− domain−1 < Qα·Lα < 0, implying the system
is not in equilibrium, and therefore Lα must rotate by
either |pi/3|, Fig. 7e, or |2pi/3|, Fig. 7f. In the former case
Qα ·Lα = −1 as in the initial α+ configuration, therefore
M is not reversed, while in the latter Qα · Lα = +1 and
14
TABLE III: Calculated frequencies of relevant phonon modes
for the high-temperature phase of RTMO3 (TM=Fe, Mn). In
addition, electric polarization (P ) for the fully relaxed low-
temperature structures are listed.
System ω (cm−1) Ps
Γ−12 K1 K3 (µC/cm
2)
HoFeO3 73 276 114i 9.0
ErFeO3 75 271 113i 9.2
TmFeO3 78 268 112i 9.5
YbFeO3 102 298 97i 9.6
LuFeO3 84 263 108i 9.8
HoMnO3 65 249 125i 6.9
ErMnO3 61 245 128i 7.0
TmMnO3 56 240 130i 7.2
YbFeO3 92 266 127i 7.4
LuFeO3 54 232 132i 7.4
M switches 180◦.
E. Discussion: Possible realizations of predictions
Realization 1: The hexagonal Manganites:
Fig. 8 shows Piezoelectric force microscopy (PFM) and
Magnetoelectric force microscopy (MeFM) images. The
MeFM images, were aligned to PFM image by the topo-
graphic landmarks and are in the same color scale, 9.18
mHz.
Realization 2: The A2 ground state in hexa
RFeO3:
1. Origin of ferroelectricity in hexaferrites
Experimental studies of hexagonal ferrites RFeO3
indicates that at room temperature these materials
have a polar P63cm structure
19,20 while at high tem-
perature they crystallize in the paraelectric P63/mmc
phase26.According to the group theory analysis there are
three possible phase transition sequences connecting the
high-temperature phase with the low-temperature P63cm
phase18: (1) a direct transition between the two phases
by freezing-in a K3 zone boundary phonon mode, (2) a
transition to the intermediate P63mc ferroelectric phase
by softening of the Γ−2 zone-center polar mode followed
by the transition to the low-temperature phase, and (3) a
transition to the intermediate non-polar P63/mcm phase
by freezing-in a zone boundary K1 mode followed by tran-
sition to the low temperature phase.
Calculated phonon frequencies in the high-temperature
phase for the above mentioned phonon modes are pre-
sented in Table. III both for manganites and ferrites
with different R ions. As seen, for all compounds the
K3 phonon mode is unstable while both Γ
−
2 and K1
modes are stable. These results indicate that for fer-
rites systems, similarly as for manganites, the high-
temperature P63/mmc phase transforms directly into the
low-temperature P63cm structure by softening of the K3
zone boundary mode. The non-linear coupling between
K3 and the polar Γ
−
2 mode induces polarization into the
system. The polarization is thus a secondary order pa-
rameter and the ferroelectricity is improper. Indeed, for
a high-temperature structure with frozen-in K3 mode
the calculated polarization is very small (less than 0.1
µC/cm2) and originates only from an electronic contri-
bution. Only when full ionic relaxations are done the
polarization of the order of 10 µC/cm2 develops (see Ta-
ble. III).
The above analysis indicates that the origin of ferro-
electricity in RFeO3 is the same as in manganites. There-
fore, an intermediate P63mc phase which was proposed
to explain the two-step polarization decay observed for
YbFeO3
27 is rather unlikely. Indeed, the presence of such
intermediate phase would typically lead to soft Γ−2 mode
which is not the case according to our calculations. In
fact, we found that if we freeze-in the Γ−2 mode and
perform full structural relaxations, the amplitude of the
mode goes to zero. We also found that the Γ−2 mode re-
mains stable for a wide range of epitaxial strain, see Fig.
9.
2. Non-collinear magnetic spin configurations
We have considered 8 non-collinear magnetic configu-
rations, as depicted in Fig. 10, to determine the magnetic
ground state of the hexagonal manganite and ferrite sys-
tems.
3. Symmetric exchange interaction Determine the magnetic
configuration
TABLE IV: Exchange parameters and the corresponding
Curie-Weiss temperatures (ΘCW ) for LFO and LMO. In the
last row (LMO-II) the exchange parameters obtained for LMO
using the lattice parameters of LFO are given.
System Jnn Jnnn J
11
c J
12
c J
21
c J
22
c ΘCW
meV meV meV meV meV meV K
LFO 6.307 0.457 0.942 0.557 0.088 0.044 1525
LMO 2.573 -0.254 -0.369 -0.322 -0.152 0.050 274
LMO-II 3.152 -0.452 -0.730 -0.687 -0.417 0.113
We considered in-plane nearest neighbor (nn), Jnn,
and next-nearest neighbor (nnn), Jnnn, exchange inter-
actions as well as two different inter-layer interactions
(J1c and J
2
c ), see Fig. 11. While in the ferroelectric
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a b c 
FIG. 8: Magnetoelectric force microscopy (MeFM) images. a Piezoelectric force microscopy (PFM) image taken under
ambient condition. b and c, show MeFM images taken under the application of 6 and 0.2 T external magnetic field, respectively.
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FIG. 9: Effect of epitaxial strain. Calculated phonon fre-
quency of Γ−2 mode as a function of epitaxial strain.
phase Jnn splits into two nonequivalent exchange inter-
actions, the difference between them is very small and
therefore this effect was neglected. The same applies to
Jnnn. Similarly, J
1
c (J
2
c ) splits into J
11
c and J
12
c (J
21
c and
J22c ) interactions. In this case, however, this splitting is
essential for determination of the magnetic ground state
and therefore it was included. The exchange interactions
were calculated by fitting ab initio energies of several
collinear magnetic configurations. The results are pre-
sented in Table IV.
As seen, Jnnn is order of magnitude smaller than
Jnn and has a negligible influence on magnetic ordering.
Therefore, it was neglected in the main manuscript. On
the other hand, J2c is not always significantly smaller than
J1c . Nevertheless, its qualitative effect is quite analogous
to J1c and therefore for clarity it was not included in the
main text. Here, however, this interaction is included on
equal footing with J1c .
The dominant exchange parameter is Jnn. It is the
S1 
S2 
S4 
S3 
S6 
S5 
!A (P63)
!B (P63)
I1(P3c) I2 (P3c)
P P 
P P 
I 
I 
I 
I 
!2
!1
FIG. 10: Non-collinear magnetic structures. 120◦ spin
ordering with spin directions directed by blue arrows. Light
and dark gray balls represent magnetic TM ions situated at
layer I and II, respectively. The angles Ψ1 and Ψ2 define non-
collinear spin configurations. The values of angles [Ψ1,Ψ2]
in Φ = 0 structural domain are given. Principle magnetic
structures, those are compatible with the crystal symmetry,
are denoted as A1, A2, B1 and B2. Among four principle
magnetic structures A2 allows weak ferromagnetism (wFM).
The intermediate states that connect A2 with A1 and B2,
denoted as A′ and I2, respectively, also allow wFM.
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2
Ferroelectric phasebParaelectric phasea
FIG. 11: Symmetric exchange paths a Symmetric exchange paths in paraelectric phase of Jnn, J
1
c and J
2
c are denoted by
solid black, cyan and pink lines, respectively. b The trimer distortion splits six fold degenerate nn exchange interaction Jnn into
two fold degenerate J1nn (mediated via TM-O
1
p-TM exchange path) and four fold degenerate J
2
nn (mediated via TM-O
2
p-TM
exchange path). As the nn exchange interactions are of superexchange in nature and the in-plane distortions in terms of bond
lengths and bond angles are not significant, we considered J1nn=J
2
nn=Jnn. Similarly trimer distortion splits six fold degenerate
inter-layer exchange interactions J1c (J
2
c ) into two fold degenerate J
11
c (J
21
c ) and four fold degenerate J
12
c (J
22
c ), respectively.
While J11c is mediated by two equivalent X-O-Lu1-O-X exchange pathways, J
12
c interaction is mediated by one X-O-Lu1-O-X
and one X-O-Lu2-O-X exchange pathways. J21c and J
22
c are mediated via X-O-Lu1-O-X and X-O-Lu2-O-X exchange pathways,
respectively.
AFM superexchange interaction mediated by equatorial
oxygens, Oeq. For LFO this exchange originates primar-
ily from the hopping from O 2p states into minority Fe
3d states. Since the TM-Oeq-TM angle is 120
◦ the FM
superexchange involving two perpendicular p orbitals is
expected to be much smaller than the AFM superex-
change involving a single orbital. This mechanism is also
present for LMO but here the hopping from occupied
into empty 3d orbitals is equally important. In the lat-
ter case the dominant in-plane hoppings are between e′
and e′′ orbitals which favor antiparallel spins. As a re-
sult Jnn for LMO is also AFM. The magnitude of Jnn
is smaller for LMO. This is partially caused by a larger
band gap for this compound as compared to LFO. How-
ever, probably more important contribution comes from
the hopping from occupied 3d orbitals into empty major-
ity d3z2 states that mediates a FM coupling and partially
compensates the AFM contribution. Therefore, ferrites
are expected to have in general larger Jnn than mangan-
ites which indicates that magnetic ordering temperature
in ferrites should be much higher; possibly close to the
room temperature.
As seen from Table. IV, for LFO the inter-layer ex-
change parameters are AFM. This can be understood by
noting that both exchange parameters originates primar-
ily from virtual hopping of two pz electrons of Oap ion
into 3d minority states of Fe and 5d orbitals of R. These
hoppings are the most effective for both apical oxygens
in the exchange path only when spins on Fe ions are an-
tiparallel. Otherwise, pz electrons from different Oap ions
cannot hop on the same orbital of the R ion. The above
mechanism of AFM interlayer coupling is also present for
LMO. In this case however, similarly as for in-plane ex-
change interactions, there is another type of low-energy
excitations that can contribute to the interlayer exchange
coupling. They involve hopping from occupied 3d Mn
states into empty 3d states of Mn ion in the adjacent
plane (note that this hopping is still mediated by Oap
and R ions on the exchange path). Clearly, the most im-
portant hopping in this case is between filled majority
e′ and empty majority d3z2 which prefers parallel spins.
This leads to FM coupling which competes with AFM
exchange interaction from the above paragraph. As a
result either sign of interlayer exchange couplings is ex-
pected for LMO.
Importantly, we find that |Jk1c | > |Jk2c | (k = 1, 2) both
for LMO and LFO. In fact this is a generic feature for
these systems. Indeed, consider three different nn inter-
layer interactions: J12, J14, and J16 (see Fig. 11 for
notation). In the paraelectric phase they are all equal to
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J1c and their change under the trimer distortion can be written in the following way (up to second order in QK3):
J1j ≈ J1c +
(
∂J1j
∂QI
)
0
QI +
(
∂J1j
∂Q∗I
)
0
Q∗1 +
(
∂2J1j
∂Q2I
)
0
Q2I +
(
∂2J1j
∂(Q∗I )2
)
0
(Q∗I )
2 +
(
∂2J1j
∂QI∂Q∗I
)
0
QIQ
∗
I (63)
where j = 2, 4, 6, subscript 0 indicates that the deriva-
tives must be evaluated in the paraelectric phase, and
order parameters QI, Q
∗
I were introduced in the previous
section. Note that the derivatives must be invariant un-
der the symmetry operations of the paraelectric phase. In
particular, this condition requires first order derivatives
to be zero and the mixed second order derivatives to be
independent on index j. Further it imposes relations be-
tween remaining second order derivatives such that we
can write
J12 ≈ J1c + cQ2K3 + 2X cos(2Φ)Q2K3 (64)
J14 ≈ J1c + cQ2K3 + 2X cos(2Φ + 2pi/3)Q2K3 (65)
J16 ≈ J1c + cQ2K3 + 2X cos(2Φ− 2pi/3)Q2K3 (66)
where c is a constant andX =
(
∂2J12
∂Q2I
)
0
. In the α (Φ = 0)
phase we have
J12 = J
11
c ≈ J1c + cQ2K3 + 2XQ2K3 (67)
J14 = J16 = J
12
c ≈ J1c + cQ2K3 −XQ2K3 (68)
It is reasonable to assume that X has the same sign as
J1c which leads to |J11c | > |J12c |. Using similar considera-
tion we can also prove that |J21c | > |J22c |.
4. DM
We calculated all six DM interactions acting on TM 1
ion (see Fig. 5 for notation). We considered a
√
3×√3×1
supercell with 18 RXO3 (X=Mn,Fe) formula units and
followed the procedure described in Ref.36. This proce-
dure is described as: (1) select one particular interaction
by replacing selected X+3 ions with Al+3 ions, (2) do to-
tal energy calculation by constraining the direction of the
spin moments. The z component of the DM interaction
between ith and jth TM ions is then given by,
Dzij =
1
S2
(E[Sˆix, Sˆ
j
y]− E[Sˆi−x, Sˆjy]) (69)
Similarly one can calculate the other components.
In Table V we show the calculated magnitudes of z and
xy components of both types of DM vectors for LFO and
LMO compounds. The directions of the z components
in the paraelectric phase are shown in Fig. 5. They are
the same for both compounds and they are not altered in
the ferroelectric phase. The directions of the transverse
components for LFO are shown in Fig. 5. For LMO the
transverse components are opposite.
5. SIA
We evaluated the components of SIA tensor by replac-
ing all TM ions by Al+3 ions except TM 1 and calculating
total energy by constraining spin directions along [100],
[010], [001] and [101]. The off-diagonal component τxz is
given by,
τxz =
1
2S2
(2E[Sˆx, 0, Sˆz]−E[Sˆx, 0, 0]−E[0, 0, Sˆz]) (70)
The diagonal components were determined by solving
the following equations,
τxx + E0 =
1
S2
E[Sˆx, 0, 0] (71)
τyy + E0 =
1
S2
E[0, Sˆy, 0] (72)
τzz + E0 =
1
S2
E[0, 0, Sˆz] (73)
τxx + τyy + τzz = 0 (74)
where E0 is the total energy without any spin-spin in-
teractions.
Calculated components of SIA tensor in Eq. (36) are
shown in Table V. The most important component is τzz
which is positive for LMO and negative for LFO. Differ-
ent signs of τzz for these materials stems from different
number of 3d electrons for these materials. Indeed, in the
second order perturbation theory the energy decrease due
to SOC can be written as ∆E = −∑n 6=m λ2 |〈m|ˆs·ˆl|n〉m−n .
Here |n〉 and |m〉 are, respectively, occupied and empty
single-electron eigenstates of 3d character with n and
m being the corresponding eigenenergies, λ is the SOC
constant, and sˆ (ˆl) is single-electron spin (orbital) an-
gular momentum operator. We choose lˆ quantization
axis along z. For LFO with half-filled 3d shell we have
only spin-flip excitations which are induced by a trans-
verse component of sˆ. In addition, the most impor-
tant excitations (corresponding to the smallest energy
denominators) involve also the change of the magnetic
orbital quantum number, ∆ml = ±1 which requires a
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TABLE V: Magnitudes of z and xy components of nn DM interactions as well as components of SIA tensor for LFO and LMO
compounds. D0z is the magnitude of the z component of DM vector in the paraelectric phase while Dz (Dxy) and D
′
z (D
′
xy)
are magnitudes of the z (xy) components of DM vectors in the ferroelectric phase mediated by TM-O1p-TM and TM-O
2
p-TM
paths, respectively. Notation for components of the SIA tensor is given in the text. Unite are meV.
System Dxy D
′
xy Dz D
′
z D
0
z τxx τyy τzz τxz τ
0
zz
LFO 0.095 0.097 0.061 0.047 0.072 0.081 0.083 -0.164 0.018 0.181
LMO -0.047 -0.050 0.027 0.033 0.042 -0.077 -0.079 0.156 -0.013 -0.160
transverse component of lˆ. Therefore, the largest energy
gain is achieved when sˆ and lˆ are parallel (so that their
transverse components couple with each other) prefer-
ring spins along z axis and leading to τzz < 0. On the
other hand, for LMO the most important excitation is the
transition from majority e′ to majority d3z2 . Here spin
is conserved but the magnetic orbital quantum number
changes which is possible only when sˆ and lˆ are perpen-
dicular to each other, i.e., when spins lie in the xy plane
leading to τzz > 0.
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